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Abstract 

Let i? be a regular semi-local domain containing an infinite perfect subfield 
and let K be its field of fractions. Let G be a reductive i?-group scheme satifying a 
mild "isotropy condition". Then each principal G-bundle P which becomes trivial 
over K is trivial itself. If R is of geometric type, then it suffices to assume that R is 
of geometric type over an infinite field. Two main Theorems of Panin's, Stavrova's 
and Vavilov's |PSV] state the same results for semi-simple simply connected -R-group 
schemes. Our proof is heavily based on those two Theorems of |PSV1 Thm.1.1], on 
the main result of [C-T/S] and on two purity Theorems proven in the present 
preprint. 

One of that purity results looks as follows. Given a smooth i?- group scheme 
morphism fj, : G ^ C of reductive i?-group schemes, with a torus C one can form a 
functor from i?-algebras to abelian groups S i— > li^S) := C{S)/ fi{G{S)). Assuming 
additionally that the kernel ker^ji) of is a reductive i?-group scheme, we prove 
that this functor satisfies a purity theorem for R. If R is of geometric type, then it 
suffices to assume that R is of geometric type over an arbitrary infinite field. 

Examples to mentioned purity results are considered in the very end of the 
preprint. 

1 Introduction 

Recall |D-G| Exp. XIX, Defn.2.7] that an i?-group scheme G is called reductive (respec- 
tively, semi-simple; respectively, simple), if it is affine and smooth as an i?-scheme and if, 
moreover, for each ring homomorphism s : R Q{s) to an algebraically closed field 
its scalar extension Gqi^s) is connected and reductive (respectively, semi-simple; respec- 
tively, simple) algebraic group over fl{s). Stress that all the groups Gn(s) are connected. 
The class of reductive group schemes contains the class of semi-simple group schemes 
which in turn contains the class of simple group schemes. This notion of a simple R- 
group scheme coincides with the notion of a simple semi-simple -R-group scheme from 
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Demazure — Grothendieck )D-G| Exp. XIX, Defn. 2.7 and Exp. XXIV, 5.3]. Throughout 
the paper R denotes an integral domain and G denotes a reductive R-group scheme, unless 
explicitly stated otherwise. 

A well-known conjecture due to J.-P. Serre and A. Grothendieck (Sel Remarque, p. 31], 
[GrU Remarque 3, p. 26-27], and |Gr2| Remarque 1.11. a] asserts that given a regular local 
ring R and its field of fractions K and given a reductive group scheme G over R the map 

HliR,G)^HiiK,G), 

induced by the inclusion of R into K, has trivial kernel. 

Let i? be a semi-local ring and G be a reductive group scheme over R. Recall an 
"isotropy condition " for G. 

(I) Each R-simple component of the derived group Gder of the group G is isotropic over 
R. 

The hypotheses (I) means more precicely the following : consider the derived group 
Gder of the group G and the simply-connected cover G^^^ of Gred] that group G^g^ is a 
product over R (in a unique way) of i?-indecomposable groups, which are required to 
be isotropic. The latter means that each of those i?-indecomposable groups contains the 
torus Gm,R- 

Theorem 1.0.1. Let R be regular semi-local domain containing an infinite perfect field 
and let K he its field of fractions. Let G he a reductive R-group scheme satisfying the 
condition (l). Then the map 

hUr,g)^hUk,g), 

induced hy the inclusion R into K , has trivial kernel. 

In other words, under the ahove assumptions on R and G each principal G-hundle P 
over R which has a K -rational point is itself trivial. 

• Clearly, this Theorem extends as the geometric case of the main result of J.-L. 
Colliot-Thelene and J. -J. Sansuc |C-T/S| , so main results of I.Panin, A.Stavrova and 
N.Vavilov |PSVl Thm.1.1, Thm. 1.2]. However our proof of Theorem 11.0. II is based 
heavily on those results and on two purity results (Theorems 11.0.31 and 11.0.41) 

proven in the present preprint. 

• The case of arbitrary reductive group scheme over a discrete valuation ring is com- 
pletely solved by Y.Nisnevich in [Ni] . 

• The case when G is an arbitrary tori over a regular local ring is done by J.-L. 
Colliot-Thelene and J.- J. Sansuc in |C-T/S| . 

• For simple group schemes of classical series this result follows from more general 
results established by the author, A. Suslin, M. Ojanguren and K. Zainoulline [PSj . [UPj . 
[Z] . |OPZj . |Paj . In fact, unlike our Theorem ll.O.lj no isotropy hypotheses was imposed 
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there. However our result is new, say for simple adjoint groups of exceptional type 

(and for many others). 

• The case of arbitrary simple adjoint group schemes of type Eq and Ej is done by 
the first author, V.Petrov and A.Stavrova in |PaPSj . 

• There exists a folklore result, concerning type 6*2 • It gives affirmative answer in this 
case, also independent of isotropy hypotheses, see the paper by V. Chernousov and the 
first author |ChPj . 

• The case of simple group schemes of type F4 with the trivial (yfs-ivariant is done 
recently by V. Chernousov [Chj . 

• The case when the group scheme G comes from the ground field k is completely 
solved by J.-L. Colliot-Thelene, M. Ojanguren, M. S. Raghunatan and O. Gabber in 
|C-T/0| , when k is perfect, in |R1] : O. Gabber announced a proof for a general ground 
field k. 

A geometric counterpart of Theorem 11.0. II is the following result 

Theorem 1.0.2. Let k be an infinite field. Let be the semi-local ring of finitely many 
points on a smooth irreducible k-variety X and let K be its field of fractions of 0. Let G 
be a reductive 0-group scheme satisfying the condition (l) above. Then the map 

hUq,g)^hUk,g), 

induced by the inclusion into K, has trivial kernel. 

In other words, under the above assumptions on R and G each principal G-bundle P 
over R which has a K -rational point is itself trivial. 

To state our purity Theorems recall certain notions. Let 5" be a covariant functor 
from the category of commutative i?-algebras to the category of abelian groups. For any 
domain R consider the sequence 

J[R)^J{K)^Qj{K)/7{R,) 
p 

where p runs over the height 1 primes of R and K is the field of fractions of R. We say 
that 5" satisfies purity for R if this sequence — which is clearly a complex — is exact. 
The purity for R is equivalent to the following property 

Pi Im[y{R^) = Im[J{R) 3^(i^)]. 

htp=l 

Theorem 1.0.3 (A). Let be a semi-local ring of finitely many points on a k-smooth 
scheme X with an infinite field k. Let 

fi:G^C 

be a smooth 0-morphism of reductive 0-group schemes, with a torus C. Set H = ker{fi) 
and suppose additionally that H is a reductive 0-group scheme. The functor 

3^: S ^C{S)/fi{G{S)) 

defined on the category of 0- algebras satisfies purity for 0. 
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Theorem 1.0.4 (B). Let R be a regular semi-local domain containing an infinite perfect 
field k. Let 

fi-.G^C 

be a smooth R-group scheme morphism of reductive R-group schemes, with a torus C . Set 
H = ker{^) and suppose additionally that H is a reductive -group scheme. The functor 

S'-.S^ C{S)/fi{G{S)) 

defined on the category of R- algebras satisfies purity for R. 

If K is the field of fractions of R, then this statement can be restated in an explicit 
way as follows: given an element c G C{K) suppose that for each height 1 prime ideal p 
in A there exist ap G C{Rp), Qp G G{K) with a = ap ■ fj.{gp) G C{K). Then there exist 
gm G G{K), a-m G G{R) such that 

a = a^- n{gm) G C{K). 

After the pioneering articles [C-T/P/S] and [Rj on purity theorems for algebraic 
groups, various versions of purity theorems were proved in |C-T/0] , [PS] . [Z], jPij. The 
most general result in the so called constant case was given in [Zj Exm.3.3]. This re- 
sult follows now from our Theorem (A) by taking G to be a fc-rational reductive group, 
G = Gm,k and /i : G — Grn,k a dominant A;-group morphism. The papers |PSj . [Z], |Paj 
contain results for the nonconstant case. However they only consider specific examples of 
algebraic scheme morphisms fi : G ^ G. 

It seems plausible to expect purity theorem in the following context. Let i? be a 
regular local ring. Let /i : G — > T be a smooth of reductive i?-group schemes with an 
i?-torus T. Let 5" be the covariant functor from the category of commutative rings to the 
category of abelian groups given by 5* t-^ T{S)/ fi{G{S)). Then 3" should satisfies purity 
for R. 

Another functor satisfying purity is described by the formulae (l33i) in Section [T2j 
Stress that we use transfers for the functor R i-^ G{R), but we do not use at all 
the norm principle for the homomorphism fi : G ^ G. 

The preprint is organized as follows. In Section [2] we construct norm maps following a 
method from |SuVot Sect. 6]. In Section [3] we prove the main geometric Lemma [3.0.81 In 
Section m we discuss unramified elements. A key point here is Lemma [4. 0.1 31 In Section [5] 
we discuss specialization maps. A key point here is Corollary 15.0.191 In Section [7] certain 
Artin's results are generalized. In Section [8] a convenient technical tool is introduced. In 
Section [TU] Theorem (A) is proved. In Section [TT] Theorem (B) is proved. In Section [T2] 
we consider the functor fl5^ and prove a purity Theorem 112.0.361 for that functor. In 
Section [13] Theorems 11.0. II and 11.0.21 are proved. Finally in Section [T3] we collect several 
examples illustrating our Purity Theorems. There are plenty arguments which are 
copied from [PS V] . 

Acknowledgments The author thanks very much M.Ojanguren for useful discus- 
sions concerning Theorems A and B obtained in the present preprint. The author thanks 
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2 Norms 

Let k G K (Z L he field extensions and assume that L is finite separable over K. Let 
K^'^P be a separable closure of K and 

a^■.K^ K'^P, l<i<n 

the different embeddings of K into L. As in §1, let C be a commutative algebraic group 
scheme defined over k. We can define a norm map 



by 



Following Suslin and Voevodsky [SuVo[ Sect. 6] we generalize this construction to finite 
fiat ring extensions. Let p : X —>■ Y he a finite fiat morphism of affine schemes. Suppose 
that its rank is constant, equal to d. Denote by S'^{X/Y) the d-th symmetric power of X 
over Y. 



Lemma 2.0.5. There is a canonical section 

J4x/Y : Y ^ 



S'^iX/Y) 



which satisfies the following three properties: 

(1) Base change: for any map f : Y' ^ Y of affine schemes, putting X' = X XyY' we 
have a commutative diagram 



Y' 



^X'/Y' 



Y 



X/Y 



S'^{X'/Y') 

S-'ildxxf) 

- S'^{X/Y) 



(2) Additivity: If fi : Xi Y and f2 : X2 —>■ Y are finite flat morphisms of degree di 
and d2 respectively, then, putting X = Xi UX2, / = /i U /a ^^'^ d = di + d2, we 
have a commutative diagram 



S^^{Xi/Y) X S'^^{X2/Y) 



■ S'^iX/Y) 
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where a is the canonical imbedding. 



(3) Normalization: If X = Y and p is the identity, then 'Nx/y is the identity. 

Proof. We construct a map J^x/y and check that it has the desired properties. Let 
B — k[X] and A — k[Y], so that S is a locally free A-module of finite rank d. Let 
_ ^ ^ . . . ^ |-jg ^jjg rf-fold tensor product of B over A. The permutation 

group &d acts on B'^'^ by permuting the factors. Let Sj^{B) C be the A-algebra of 
all the ©^-invariant elements of 5®^. We consider i?®'^ as an 5*^(5) -module through the 
inclusion Sj^^{B) C B'^'^ of A-algebras. Let / be the kernel of the canonical homomorphism 
_^ mapping 6i (g) • • • (g) 6^ to 6i A • • • A 6^- K is well-known (and easily checked 

locally on A) that / is generated by all the elements x e S®*^ such that t{x) — x for some 
transposition r. If s is in S'^{B), then t{sx) = t{s)t{x) = sx, hence sx is in S'^{B) too. 
In other words, / is an S'^(i?)-submodulc of 5®"^. The induced 5*^(5) -module structure 
on defines an 74-algebra homomorphism 

d 

ip : S'iiB) ^ EndA{/\{B)) . 

A 

Since B is locally free of rank d over A, A1(-^) invertible ^-module and we can 

canonically identify EndA{/\y^{B)) with A. Thus we have a map 

^ : Si{B) ^ ^ 



and we define 

^^X/Y 

as the morphism of F-schemes induced by ip. The verification of properties (1), (2) and 
(3) is straightforward. □ 



Let k be an infinite field. Let be the semi-local ring of finitely many points on a 
smooth affine irreducible /c-variety X. Let C be an affine smooth commutative 0-group 
scheme, Let p : X — > y be a finite flat morphism of affine 0-schemes and / : X — > C any 
morphism. We deflne the norm Nx/Y{f) of / as the composite map 

Y S'^iX/Y) ^ S^q{X) S^{C) ^ C (1) 

Here we write " x " for the group law on C. The norm maps Nx/y satisfy the following 
conditions 

(1) Base change: for any map / : F' — > F of affine schemes, putting X' = X Xy F' we 
have a commutative diagram 

C{X) ^^^^ C{X') 



Nx/Y 



^X'/Y' 

C(F) — ^ C(F') 
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(2) multiplicativity: if X = Xi 11 X2 then the diagram commutes 



C{X) 



(idxf) 



Nx/Y 



Nxi/yNx2/Y 



C{Y) 



id 



C{Y) 



(3) normahzation: H X = Y and the map X 



Y is the identity then Nx/y = idcix)- 



3 Geometric lemmas 

The aim of this Section is to prove an analog of three Lemmas from [?] making them 
characteristic free. Lemma [3.0.81 is a refinement of ^OP] Lemma 2]. 

Lemma 3.0.6. Let k be an infinite field and let S be an k-smooth equi- dimensional k- 
algebra of dimension 1. Let f & S be a non-zero divisor 

Let mo be a maximal ideal with S/xxiq = k. Let mi,m2, . . . , m„ be different maximal 
ideals of S (it might be that mo = for an index i). Then there exists a non-zero divisor 
s E S such that S is finite over k[s] and 

(1) the ideals rij := m^ fl k[s] (i = 1,2, ... ,n) are all different from each other and 
different from Uq := mo fl k[s] provided that mo is different from m, 's; 

(2) the extension S/k[s] is etale at each vcii's and at mo; 

(3) k[s]/ni = S/m-i for each i = 1,2, . . . ,n; 

(4) no = sk[s]. 

Proof. For each index i let Xj be the point on Spec(S') corresponding to the ideal mj. 
Consider a closed imbedding Spec(S') and find a generic fc-defined linear projection 

p : Al to such that for each index i one has 

(1) for each i > 0, j > one has p{xi) 7^ p{xj) provided that Xi 7^ Xj] 

(2) for each index i > the map p|spec(5) : Spec(5') is etale at the point x^; 

(3) the separable degree extension k{xi)/k{p{xij) is one. 

With this in hand one gets for each the equality k{p{xi)) = k{xi). In fact the extension 
k{xi)/k{p{xi)) is separable by the item (2). By the item (3) we conclude that k{p{xi)) = 
k{xi). The Lemma follows. 



Lemma 3.0.7. Under the hypotheses of Lemma \3.0.6{ let f E S be a non-zero divi- 
sor which does not belong to a maximal ideal different 0/ mo, mi, . . . , m„. Let N{f) = 
Ns/k[s]{f) be the norm of f . Then for an element s E S satisfying (1) to (4) of Lemma 
\3.0.6\ one has 



□ 
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(a) N{f) = fg for an element g G S ; 



(h) fS + gS = S; 

(c) the map k[s]/ {N{f)) S/{f) is an isomorphism. 
Proof. It is straightforward. 

□ 

Lemma 3.0.8. Let R be a semi-local essentially smooth k-algebra with maximal ideals 
pi's, where i runs from 1 to r. Let R[t] (Z A be an R[t]-algebra which is smooth as an 
R-algebra and is finite over the polynomial algebra R[t] . Assume that for each index i the 
R/pi-algebra Ai = A/piA is equi- dimensional of dimension one. Let e : A ^ R be an 
R- augmentation and I = ker{e). Given an f & A with ^ e(/) G A and such that the 
R-module A/fA is finite, one can find an u & A satisfying the following conditions 

(1) A is finite projective as an R[u]-module; 

(2) A/uA = A/ 1 A/ J for certain ideal J; 

(3) J + fA = A; 

(4) iu-l)A + fA = A; 

(5) zfN{f) = Na/r[u]U), then N{f) = fg E A for certain geA 

(6) fA + gA = A; 

(7) the composition map (p : R[u]/{N{f)) A/{N{f)) A/{f) is an isomorphism. 

Proof. Replacing t by t — t{t) we may assume that e(t) = 0. Since A is finite over 
R[t] we conclude that it is a finite projective i?[t]-module by a theorem of Grothendieck 
[Et Cor. 17.18]. Since A is finite over R\t] and A/fA is finite over R we conclude that 
R[t]/{N{f)) is finite over i?, hence R/{tN{f)) is finite over R too. So setting v = tN{f) 
we get an integral extension A over R[v] and one has equalities 

v = tNA/Rit]{f) = ift)g = tfg. 

We claim that A/ R[v] is integral, e{v) = and u G fA. In fact, u = tNA/R[t] (/) = t{fg) 
and whence e{v) = e{t)e{fg) = 0. Finally, and v G fA. 

We use below "bar" and lower script i to denote the reduction modulo the ideal piA. 
Let li = Ri = R/pi- By the assumption of the lemma the /j-algebra Ai is an /j-smooth 
equi-dimensional of dimension 1 . Let m[*^ , m2 , • • • , trin ■* be different maximal ideals of Ai 
dividing fi and let rrig^ = ker{ei). Let Si G Ai be such that the extension 74j//j[sj] satisfies 
the conditions (1) to (4) of Lemma [3.0.6[ 
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Let s G A be a common lift of Sj's , that is for each index i one has Si = Si in Ai. 

Replacing s by s — e(s) we may assume that e(s) = and still for each index i one has 

Si Si- 
Let s" + pi{v)s'^~^ + ■ ■ ■ + Pn{v) = be an integral dependence equation for s. Let 

N be an integer large than the max{2, deg{pi{v))}, where i = 1,2, ... ,n. Then for any 

r & the element u = s — rv'^ is such that v is integral over R[u]. Thus for any r E 

the ring R is integral over A[u]. 

On the other hand for each index i the element Ui = Si — rvi^ still satisfies the 

conditions (1) to (4) of Lemma 13.0.61 because for each index j = 0,1,2, ... ,n one has 

- ^ (*) 
Vi e m}^ 

We claim that the element m G i? is the required element (for almost all 

r e k^). 

In fact, for almost all r G k^ the element u satisfies the conditions (1) to (4) of Lemma 
\0P\ Lemma 5.2]. It remains to show that the conditions (5) to (7) are satisfied for all 
r e k^. 

Since A is finite over R[u] we conclude that it is a finite projective i?[M]-module by a 
theorem of Grothendieck [E, Cor. 18. 17] To prove (5) consider the characteristic polynomial 

of the operator A ^ A as an i?[M]-module operator. This polynomial vanishes on / and 
its free coefficient is ±A^(/) (the norm of /). Thus /" - aj""^ + ■ ■ ■ ± N{f) = and 
A^(/) = fg for an element g E R. 

To prove (6) one has to check that this g is a unit modulo the ideal fA. It suffices to 
check that for each index i the element gi G is a unit modulo the ideal fiAi. The field 
li = R/pi, the /j-algebra Si = A^, its maximal ideals rriQ^m^^^ . . . ,mi*^ and the element 
Ui satisfy the hypotheses of Lemma 13 . . 71 with u replaced by Ui. Now gi is a unit modulo 
the ideal fiRj by the item (6) of Lemma 13.0.71 

To prove (7) note that R[u]/ {NA/k[x]{f)) are A/ fA finite ^-modules. So it remains 
to check that the map : R[u]/ {NA/k[x]{.f)) ^1 f ^ is an isomorphism modulo each 
maximal ideal mp''. For that it suffices to verify that the map ^i : ~^ MIfiM 

is an isomorphism for each index i, where N{fi) := N^./i.[j^-^{fi). Now ipi is an isomorphism 
by the item (c) of Lemma I3.0.7[ The lemma follows. 

□ 

Corollary 3.0.9. Under the hypotheses of Lemma \3.0.^ let K he the field of fractions of 
R, Ax = K^fiA and = idx®^ '■ A^ —>■ K. Consider the inclusion K[u] C Ak- Then 
the norm N{f) = NAj^/K[u]{f) £ K[u] does not vanish at the points 1 and of the affine 
line A]^. 

Proof. The condition (4) of 13. 0.81 implies that A^(/) does not vanish at the point 1. Since 
^K{f) 7^ G -fC the conditions (2) and (3) imply that A^(/) does not vanish at either. 

□ 
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4 Unramified elements 



Let k be an infinite field, be the fc-algebra from Theorem 1 1 . U . 3 1 and K be the fraction field 
of 0. Let fi : G ^ C he the morphism of reductive 0-group schemes from Theorem II. 0.31 
We work in this section with the category of commutative 0-algebras. For a commutative 
0-algebra S set 

3^(8) = (2) 

Let S be an 0-algebra which is a domain and let L be its fraction field. Define the 
subgroup of S -unramified elements ofJi^L) as 

'JnrAL)= n Im[J{S,) '^{L)l (3) 

where Spec{S)^^^ is the set of hight 1 prime ideals in S. Obviously the image of 

in is contained in '3^riT,s{L). In most cases 3'(5'p) injects into and 'JnT,s{.L) is 

simply the intersection of all ?'(5'p). 

For an element a G C{S) we will write a for its image in ?'(5'). In this section we will 
write 5" for the functor the only exception being Lemma \4- 0-141 We will repeatedly 
use the following result 

Theorem 4.0.10 ([Ni]). Let S be aO algebra which is discrete valuation ring with fraction 
field L. The map 3^{S) 3^iL) is injective. 

Proof. Let H be the kernel of /i. Since fi is smooth and C is a tori, the group scheme 
sequence 

l^H^G^G^l 

gives rise to a short exact sequence of group sheaves in the etale topology. In turn that 
sequence of sheaves induces a long exact sequence of pointed sets. So, the boundary map 
d : C{S) ^lt{S, H) fits in a commutative diagram 

C{S)/fi{G{S)) . C{L)/^i{G{L)) 



in which the vertical arrows have trivial kernels. The bottom arrow has trivial kernel by 
a Theorem from |Ni], since is a reductive 0-group scheme. Thus the top arrow has 
trivial kernel too. 

□ 

Lemma 4.0.11. Let fi : G ^ C be the above morphism of our reductive group schemes. 
Let H = ker(yu). Then for an 0-algebra L, where L is a field, the boundary map d : 
C{L)/i2{G{L)) H\^{L,H) IS mjective. 
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Proof. For a L-rational point t & C set Hf = fi^^{t). The action by left multiplication of H 
on Ht makes Ht into a left principal homogeneous if-space and moreover d{t) G H^t(L, H) 
coincides with the isomorphism class of Ht. Now suppose that s,t E C{L) are such that 
d{s) = d{t). This means that Ht and Hs are isomorphic as principal homogeneous H- 
spaces. We must check that for certain g G G{L) one has t = sg. 

Let L*"^^ be a separable closure of L. Let ijj : Hg Ht he an isomorphism of left 
i7-spaces. For any r G Hg^L'^^'P) and h G ifs(L^*^^) one has 

{hr)~'^ip{hr) = r^-^h^-^hip^r) = r'^ip^r). 

Thus for any o" G Gal{L'^'^^ / L) and any r G Hs{U'^^) one has 

r-V(r) = (r'^)-VK) = (r-V(r))'' 

which means that the point u = r~^ilj{r) is a GaZ(L*'^^/L)-invariant point of G{L^'^^). So 
u G G{L). The following relation shows that the coincides with the right multiplication 
by u. In fact, for any r G Hs{L'^'^^) one has '?/'(r) = rr~^'?/'(r) = rw. Since ip is the right 
multiplication by u one has t = sfi{u), which proves the lemma. 

□ 

Let k, and K be as above in this Section. Let % he a field containing K and 
X :%*—>■ Z he a. discrete valuation vanishing on K. Let he the valuation ring of x. 
Clearly, C A^. Let and IX^^ be the completions of A^ and % with respect to x. Let 
i : iK ^ he the inclusion. By Theorem 14.0. lUI the map — *■ S^CXx) is injective. 
We will identify S^^A^) with its image under this map. Set 

3^,.(X)=z;i(3^(i,.))- 

The inclusion A^ ^ % induces a map 5'(v4^) ^ which is injective by Lemma 

14.0.101 So both groups 3^{Ax) and 9^x{^) are subgroups of 3^{X). The following lemma 
shows that coincides with the subgroup of 3^{%) consisting of all elements unram- 

ified at x. 

Lemma 4.0.12. 3^(A^) = S'^iX). 

Proof. We only have to check the inclusion ^x(X) C S^^A^). Let G ^x(X) he an 
element. It determines the elements a G and a G ^^(Aj;) which coincide when 

regarded as elements of 3^{%x). We denote this common element in 3^{%x) by Ox- Let 
H = ker(/i) and let d : C(— ) ^ II^t(~5 be the boundary map. 

Let ^ = d{a) G H,\(3C,i/), ^ = ^^(a) G H^t(i.,i/) and ^ = 5(a,) G H^t(3C.,i/) 
Clearly, ^ and ^ both coincide with $^x when regarded as elements of Ill^CXx, H). Thus 
one can glue ^ and ^ to get a G }il^{Ax, H) which maps to ^ under the map induced by 
the inclusion Ax ^ % and maps to ^ under the map induced by the inclusion Ax ^ Ax- 

We now show that ^x has the form d{a'^) for a certain a'^ G 3^{Ax). In fact, observe 
that the image C of ^ in H^^(C(C, G) is trivial. By Theorem [M] the map 
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has trivial kernel. Therefore the image Cx oi in H^t(^x; G) is trivial. Thus there exists 
an element a'^ E with d{a'^) = ^x & ^lti'^x,H). 

We now prove that a'^ coincides with ax in 3^x{^)- Since 3^{Ax) and 3^x{^) are both 
subgroups of 3^{'X), it suffices to show that a'x coincides with the element a in 3^{%). By 
Lemma [4.0.111 the map 

nK)^}iUX,H) (4) 

is iniective . Thus it suffices to check that (9(a^) = d{a) in H^j(D<!, if). This is indeed the 
case because d{a'^) = C,x and d{a) = ^, and ^x coincides with ^ when regarded over %. 
We have proved that a'x coincides with ax in 3^x{X)- Thus the inclusion S^xi'X.) C 9^{Ax) 
is proved, whence the lemma. 

□ 

Let k, and K be as above in this Section. 

Lemma 4.0.13. Let A G B be a finite extension of Dedekind K -algebras. Let ^ f E B 
be such that B/fB is finite over K and reduced. 

Suppose Nb/aH) = fg E B for a certain g E B coprime with f . Suppose the composite 
map A/N{f)A B/N{f)B — > B/fB is an isomorphism. Let F and E be the field of 
fractions of A and B respectively. Let (3 E C{Bf) be such that f3 E 3^{E) is B-unramified. 
Then, for a = Ne/f{P), the class a E 3^{F) is A-unramified. 

Proof. The only primes at which a could be ramified are those which divide N{f). Let p 
be one of them. Check that a is unramified at p. 

To do this we consider all primes qi, q2, . . . , qn in -B lying over p. Let qi be the unique 
prime dividing / and lying over p. Then 

Bp = Kxll B,. 
with = Ap. If F, E are the fields of fractions of A and B then 

E ® Fp = 4i X ■ ■ ■ X 

and E^, = Pp. We will write Ei for Eq, and A for B^^. Let (301 = ...,/?„) e C{Ei) x 
■ ■ ■ X C{En). Clearly for z > 2 A G and pi = fx{-fi)P[ with p[ E C{Bi) = C{Ap) 

and 7i G G{Ei) = G{Fp). Now a ® 1 E C{Fp) coincides with the product 

Thus a ® 1 = Pi^i^/Kf, ((^2) ■ ■ ■ ^L„/Kp (f^n) £ ^{Ap). Let i : F Fp be the inclusion and 
: 3^{F) 3^{Ep) be the induced map. Clearly i*(Q;) = a 1 in 3^{Fp). Now Lemma 
14.0.121 shows that the element a E 3^{F) belongs to 3^{Ap). Hence a is A-unramified. 

□ 
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Lemma 4.0.14 (Unramifiedness Lemma). Let R be a commutative ring. Let 3^ he a 
covariant functor from the category of commutative R-algebras to the category of abelian 
groups. Let S' and R' be two R-algebras which are noetherian domains with fields of 
fractions K' and L' respectively. Let S' R' be an injective fiat R-algebra homomorph- 
ism of finite type and let j : K' ^ L' be the induced inclusion of the field of fractions. 
Then for each localization R" D R' of R' the map 

takes S' -unramified elements to R" -unramified elements. 

Proof. Let v G 3^{K') be an S"-umamified element and let r be height 1 primes of R" . 
Then q = i?' fl r is a height 1 prime of R' . Let p = 5" fl q. Since the S"-algebra R' is flat 
of finite type one has ht(q) > ht(p). Thus ht(p) is 1 or 0. The commutative diagram 

■J{K') J{L') 

shows that the class is in the image of 3^{R'^) and hence the class ) G 3^{L') is 
i?"-unramified. 

□ 



5 Specialization maps 

Let k be an infinite field, be the /c-algebra from Theorem 11.0.31 and K be the fraction 
field of 0. Let fi : G —>■ C he the morphism of reductive 0-group schemes from Theorem 
11.0.31 We work in this section with the category of commutative K-algebras and with the 
functor 

3^:S^C{S)/iJi{G{S)) (5) 

defined on the category of /T-algebras. So, we assume in this Section that each ring 
from this Section is equipped with a distinguished i^'-algebra structure and each ring 
homomorphism from this Section respects that structures. Let S be an i^-algebra which 
is a domain and let L be its fraction field. Define the subgroup of S -unramified elements 
3'nr,siL) of3^{L) by formulae ^. 

For a regular domain S with the fraction field % and each height one prime p in S" 
we construct specialization maps Sp : 3^nr,s{'^) ~^ '^{^{P))) where % is the field of 
fractions of S and K{p) is the residue field of R at the prime p. 

Definition 5.0.15. Let Ev^ : C{Sp) C{K{^)) and ev^ : 9^(5p) 3'(i^(p)) be the maps 
induced by the canonical K -algebra homomorphism — K{p). Define a homomorphism 
Sp : J^nr^si!^) ~^ 3^(-^(p)) by Sp{a) = evp{a), where a is a lift of a to 3^{Sp). Theorem 
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4.U.1U\ shows that the map Sp is well- defined. It is called the specialization map. The map 



evp is called the evaluation map at the prime p. 



Obviously for a G C{Rp) one has Sp{a) = Evp{a) G 3^{K{p)). 

Lemma 5.0.16 ([HJ). Let H' be a smooth linear algebraic group over the field K. Let S 
be a K -algebra which is a Dedekind domain with field of fractions %. If ^ E H\f.{%,H') 
is an S-unramified element for the functor H];^{—^ H') (see ^ for the Definition), then ^ 
can be lifted to an element of H\^{S,H'). 

Proof. Patching. 

□ 

Theorem 5.0.17 ( |C-T/0| , Prop. 2. 2). Let G' = Gk, where G is the reductive 0-group 
scheme from this Section (it is connected and even geometrically connected, since we follow 
IDI^ Exp. XIX, Defn.2.7]). Then 

ker[HUK[t],G')^HUK{t),G')] = * . 

We need the following theorem. 

Theorem 5.0.18 (Homotopy invariance). Let S ^ 3^{S) be the functor defined by the 
formulae ^ and let 3^nr,K[t]{K(t)) be defined by the formulae Let K{t) be the rational 
function field in one variable. Then one has 

3^{K)=3^r.r,K[t]{K{t)). 

Proof. The injectivity is clear, since the composition 

coincides with the identity (here sq is the specialization map at the point zero defined in 
4.6). 

It remains to check the surjectivity. Let 



UK = Ii''S)o K : Gk = G 00 K ^ C 00 K = 



K- 



Let a G 3^nr,K[t]{Kit)) and let Hk = ker{fiK)- Since fi is smooth the i^'-group Hk is 
smooth. Since Gk is reductive it is i^'-affine. Whence Hk is i^-affine. Clearly, the 
element d{a) G Hlt{K{t),HK) is a class which for every closed point x G belongs to 
the image of H^^^O^, Hk)- Thus by Lemma 15.0.161 C, := d{a) can be represented by an 
element C, G Hl^{K[t], H^), where K[t] is the polynomial ring. Consider the diagram 

di >ii 



nm) ^ Hi,mi hk) — > h^k 



t],GK) 

1 > ^Kit)) ^ Hl,{K{t), Hk) y Hl,{K{t), Gk) 

a I >• ^ I >• * 
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in which all the maps are canonical, the horizontal lines are exact sequences of pointed sets 
and ker{ri) = * by Theorem 15.0. 171 Since ^ goes to the trivial element in Hl^{K{t), Gk), 
one concludes that r]{() = *. Whence ( = * hj Theorem 15.0.171 Thus there exists an 
element a e such that d{d) = ^. The map 3^{K(t)) — > Hl^{K{t), Hk) is injective 

by Lemma [4.0.111 Thus e(a) = a. The map ^^{K) 3^{K[t\) induced by the inclusion 
K ^ K\t\ is surjective, since the corresponding map C{K) — > C{K\t\) is an isomorphism. 
Whence there exists an oq G '3^{K) such that its image in 3^[K{t)) coincides with the 
element a. 

□ 

Corollary 5.0.19. Let S ^ he the functor defined in Let 

so,si ■.'Jnr,miK{t))^'^{K) 
he the specialization maps at zero and at one (at the primes (t) and (t-1)). Then sq = si. 
Proof. It is an obvious consequence of Theorem 15.0. 18[ □ 

6 Equating Groups 

The following Proposition is a straightforward analog of |UPl Prop. 7.1] 

Proposition 6.0.20. Let S he a regular semi-local irreducihle scheme. Let fii : Gi ^ Gi 

and fi2 '■ G2 G2 he two smooth S -group scheme morphisms with tori Gi and G2. Assume 
as well that Gi and G2 are reductive S-group schemes which are forms of each other. Let 
T d S he a non-empty closed suh-scheme of S, and ip : Gi\t ^ G2\t, '■ Gi\t ^ G2\t he 
S-group scheme isomorphisms such that (/X2|r) o'.p = ipo (/^iIt)- Then there exists a finite 
etale morphism S ^ S together with its section 6 : T ^ S over T and S-group scheme 
isomorphisms $ : Tr*^! 'k*G2 and : 7r*Ci n*G2 such that 

ill) 5*(vI/)=7/>, 

(ill) 7T*{fi2) o $ = ^ o 7r*(/ii) : 7r*(Gi) ^ n*{G2). 

We refer to |PaSVj for the prove of slightly weaker statement. The proof of the 
Proposition can be done in the same style with some additional technicalities. 

7 Elementary fibrations 

In this Section we extend a result of Artin from concerning existence of nice neigh- 
borhoods. The following notion is due to Artin [SI Exp.XI,Defn.3.1] 
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Definition 7.0.21. An elementary fibration is a morphism of schemes p : X S which 
can be included in a commutative diagram 

(6) 




satisfying the following conditions 

(i) j is an open immersion dense at each fibre ofp, and X 



X-Y; 



(a) p is a smooth projective such that all fibres are geometrically irreducible of dimension 
one; 

(Hi) q is a finite etale morphism such that each fibre is non-empty. 

The following result is an extension of Artin's result |Xl Exp.XI,Tlim.2.1] and can be 
found with a proof in [PaSV] . 

Theorem 7.0.22. Let k be an infinite field, V C a locally closed subscheme of pure 
dimension r. Let V G V be an open subscheme consisting of all points x G V such that 
V is k-smooth at x. Let pi,P2, ■ ■ ■ ,Pm ^ Pk ^ family of closed points with pt ^ pj for 
i ^ j ■ For a family Hi{d), H2{d), . . . , Hs{d) (s < r) of hyperplanes of degree d containing 
all points Pi (i = 1,2, . . . ,m) set Y = Hi{d) fl H2{d) fl • • • n Hs{d). 

There exists an integer d depending of the family Pi,P2, ■ ■ ■ ,Pm such that if the family 
Hi{d),H2{d), . . . ,Hs{d) with s < r is general enough, then Y crosses V transversally at 
each point ofYnV. 

IfV is irreducible (geometrically irreducible) and s < r then for the same integer d and 
for a general enough family Hi{d), H2{d), . . . , Hs{d) the intersection Y f\V is additionally 
irreducible (geometrically irreducible). 

Using this Bertini type Theorem one can prove the following result, which is a slight 
extension of Artin's result [Aj Exp. XI, Prop. 3. 3 ]. Its proof can be found in [PaS Vj . 

Proposition 7.0.23. Let k be an infinite field, X/k be a smooth geometrically irreducible 
variety, Xi,X2, ■ ■ ■ ,Xn & X be closed points. Then there exists a Zarisky open neighborhood 
X^ of the family {xi, X2, ■ ■ ■ , Xn} and an elementary fibration p : X° S , where S is an 
open subscheme of the projective space pf^*"*^-!. Additionally, if Z is a closed codimension 
one subvariety in X, then one can choose X^ and p such that p\z^x'^ '■ Zf]X^ ^ S is 
finite surjective. 

Proposition 7.0.24. Let p : X ^ S be an elementary fibration. If S is a regular semi- 
local scheme, then there exists a commutative diagram of S-schemes such that the left 
hand side square is Cartesian. 



X 



■X 



Y 



(7) 



Pi X 5- 



{oo} X S 
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where j and i are from Definition \ 7. U. 2l\ and prs o tt = p, where pvs is the projection 
X S S. 

In particular, tt : X — > x S is a finite surjective morphism of S- schemes, where X 
(resp. X S ) is regarded as an S -scheme via the morphism p (resp. via the projection 
prs). 

A proof can be found in [PaS V] . 



8 Nice triples 

We study in the present Section certain packages of geometric data and morphisms of that 
packages. The concept of "nice triples" is very closed to the one of "standard triples " [Vot 
Defn.4.1] and is inspired by the latter one. Let k be an infinite field, X/k be a smooth geo- 
metrically irreducible variety, Xi, X2, . . . , x„ G X be closed points. Let Spec(0x,{xi,x2,...,a;n}) 
be the respecting semi-local ring. 

Definition 8.0.25. Let U := Spec{0x,{xi,x2,-,xr^}) ■ ^ '^^ce triple over U consists of the 
following family of data: 

(1) a smooth morphism qu : X ^ U , 
(Hi) an element f G r(X, Ox) 

(a) a section A of the morphism qjj. 
These data must satisfy the following conditions: 
(a) each component of each fibre of the morphism qu has dimension one, 
(h) the r(X, Ox)// ■ r(X, Ox) is a finite T{U, Ou) = Ox ,{xi,x2,...,xn}-module, 

(c) there exists a finite surjective U -morphism U : X ^ x U, 

(d) A*(/)^0Gr([/,Ot;). 

A morphism of two nice triples (X', /', A') (X, /, A) is an Stale morphism of U- 
schemes 9 -.X' ^ X such that 

(V Qu = (lu°0, 

(2) f = e*{f) ■ g' for an element g' G r(X', Ox') 

(in particular, r(X', Ox')/0*{f) ■ r(X', Ox') is a finite Ox,{xi,x2,...,x„}-T^odule ), 

(3) A = 0o A'. 

(Stress that there are no conditions concerning an interaction ofU' and U ). 



17 



Theorem 8.0.26. Let U he as in Definition \8. 0. 25[ Let (X, /, A) he a nice triple over U . 
Let Gx he a reductive X-group scheme and Gu := A*(Gx) and G const he the pull-hack of 
Gu to X. Let Cx he an X-tori and Cu '■= A*(Cx) and Cconst he the pull-hack of Cu to X. 
Let fix '■ Gx —>■ Cx he an X-group scheme morphism smooth as a scheme morphism. Let 
fiu = A*(/ix) and /iconst : Gconst C'const hc the the pull-hack of fiu to X. 

Then there exist a morphism 6 : (X',/',A') (X, /, A) of nice triples and isomor- 
phisms 

$ : e*{G const) ^ e*{Gx), ^ : e* {Cconst) - e*{Cx) 

of X' -group schemes such that (A')*(<l>) = idcu, (A')*($) = idc^j and 

e\flx)o^ = moe*{ficonst) (8) 

This Theorem is a consequence of Proposition I6.0.20[ 

Proof of Theorem 18.0.261 We can start by almost literaUy repeating arguments 
from the proof of jOPl( Lemma 8.1], which involve the following purely geometric lemma 
[QFTl Lemma 8.2]. 

For reader's convenience below we state that Lemma adapting notation to the ones 
of Section [HI Namely, let U be as in Definition 18.0.251 and let (X, /, A) be a nice triple 
over U . Further, let Gx be a simple simply-connected X-group scheme, Gu '■= A*(G'x), 
and let Gconst be the pull-back of Gu to X. Finally, by the definition of a nice triple there 
exists a finite surjective morphism 11 : X x f/ of ?7-schemes. 

Lemma 8.0.27. Let ^ he a closed nonempty suh-scheme ofX, finite over U. Let V he an 
open suhset of X containing n~^(n(y)). There exists an open set W C V still containing 
n~^(n(y)) and endowed with a finite surjective morphism W x U {in general ^ 11). 

Let n : X ^ xU he the above finite surjective [/-morphism. The following diagram 
summarises the situation: 



Z 



X-Zc ^X^^Ai X U 



lu 



u 



Here Z is the closed sub-scheme defined by the equation / = 0. By assumption, Z is finite 
over U. Let V = {Il{ZU A{U))) . Since Z and A{U) are both finite over U and since 11 
is a finite morphism of [/-schemes, ^ is also finite over U. Denote hj yi, . . . ,ym its closed 
points and let S = Spec{Ox,y,,...,yJ. Set T = A{U) C S. Further, let Gx, Gu = A*{Gx) 
and Gconst be as in the hypotheses of Theorem I8.0.26[ Let Cx, Cu = A* (Gx) and Gconst 
be as in the hypotheses of Theorem I8.0.26[ Finally, let 

f '■ Gconst |r Gx|r, i' ■ Gconst |r Cx\t 
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be the canonical isomorphisms. Recall that by assumption X is tZ-smooth, and thus S is 
regular. 

By Proposition 16 . . 201 there exists a finite etale covering 9o : S S , a. section 6 : T ^ 
S of 6q over T and isomorphisms 

$0 '■ ^o(^const|5) (^o{Gx\s), ^0 '■ ^o(^constls) ^ ^0(^x15) 

such that S*^o = ip, 5*\i/o = and 

)^0oiCx\s) (9) 
We can extend these data to a neighborhood V of {yi, ...,?/„} and get the diagram 

.V (10) 




e 



Tc ^ 5c ^ Vc ^ X 

where 6 : V ^ V finite etale, and isomorphisms 

$ : r (Geonst) ^ r(Gx), ^ : ^*(Ceonst) ^ ^(Cx) 

such that 

r(/ix|v)o$ = ^or(/ieon.t|v) (H) 

(the latter equality holds since the equality ([9]) holds and V is irreducible). 

Since T isomorphically projects onto U, it is still closed viewed as a sub-scheme of 
V. Note that since V is semi-local and V contains all of its closed points, V contains 
n~^(n('y)) = y. By Lemma [8.0.271 there exists an open subset W C V containing ^ and 
endowed with a finite surjective [/-morphism 11* : W — x U. 

Let X' = ^-^(W), /' = e*{f), q'u = quo 0, and let A' : U V he the section of q'^ 
obtained as the composition of 6 with A. We claim that the triple (X', /', A') is a nice 
triple. Let us verify this. Firstly, the structure morphism q^ : X' ^ U coincides with the 
composition 

Thus, it is smooth. The element /' belongs to the ring r(X', Ox')? the morphism A' 
is a section of q[j. Each component of each fibre of the morphism qu has dimension 

one, the morphism X' W X is etale. Thus, each component of each fibre of the 
morphism q'jj is also of dimension one. Since {/ = 0} C W and ^ : X' — > W is finite, 
{/' = 0} is finite over {/ = 0} and hence also over U. In other words, the 0-module 
r(X', Ox')//' ■ r(3^'j Ox') is finite. The morphism 6* : X' ^ W is finite and surjective. We 
have constructed above the finite surjective morphism H* : W — x U. It follows that 
U* o 6 : X' A^ X U is finite and surjective. 

Clearly, the etale morphism ^ : X' — X is a morphism of nice triples, with g = I. 

Denote the restriction of $ to X' simply by $. The equality (A')*$ = idcj holds by 
the very construction of the isomorphism $. Denote the restriction of to X' simply by 

The equality (A')*^' = idcu holds by the very construction of the isomorphism 
Finally, the equality 9* (fix) o $ = \[f o 6'*(|Uconst) follows directly from the equality ffTTl) 
above. Theorem follows. 
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9 A basic nice triple 



With Propositions 17.0.231 and 17.0.241 at our disposal we may form a basic nice triple, 
namely the triple (1151) . This is the main aim of the present Section. Namely, fix a smooth 
irreducible affine /c-scheme X, a finite family of points xi,X2, ■ ■ ■ ,Xn on X, and a non-zero 
function f G k[X]. We always assume that the set {xi,X2, ■ ■ ■ ,Xn} is contained in the 
vanishing locus of the function f. 

Replacing k with its algebraic closure in k[X], we may assume that X is a geometrically 
irreducible fc- variety. By Proposition 17.0.231 there exist a Zariski open neighborhood X° 
of the family {xi,X2, . . . ,Xn} and an elementary fibration p : X^ S, where S is an open 
sub-scheme of the projective space P'^*'^^-i such that 

p|{f=o}nxo:{f=0}nX0^5 

is finite surjective. Let Si = p{xi) G 5*, for each 1 < i < n. Shrinking S, we may 
assume that S is affine and still contains the family {si, S2, . . . , Clearly, in this case 
p~^{S) C contains the family {xi,X2i ■ ■ ■ , Xn}- Now we replace X by p~^{S) and f by 
its restriction to this new X. 

In this way we get an elementary fibration p : X ^ S such that 

{Xi,...,Xn} C {f = 0} C X, 

S is an open affine sub-scheme in the projective space P'^^'^^-^^ and the restriction of 
p|{f=o} : {f = 0} ^ 5 to the vanishing locus of f is a finite surjective morphism. In other 
words, fc[X]/(f) is finite ClS db fc[S']-module. 

As an open affine sub-scheme of the projective space p^^*"*-^-! the scheme S is regular. 
By Proposition 17.0.241 one can shrink 5* such that 5* is still affine, contains the family 
{si, 82, ... , Sn} and there exists a finite surjective morphism 

7r:X^A^xS 

such that p = prsOTT. Clearly, in this case p~^{S) C X contains the family {xi, X2, . . . , Xn}. 
Now we replace X by p^^{S) and f by its restriction to this new X. 
In this way we get an elementary fibration p : X ^ S such that 

{xi,...,x„} C {f = 0} C X, 

S is an open affine sub-scheme in the projective space p*™-''^-!^ and the restriction of 
p\{i=o} : {f = 0} — >^ S" to the vanishing locus of f is a finite surjective morphism. And 
eventually there exists a finite surjective morphism 

TT-.X^A^xS 

such that p = prs o tt. 

Now set U := Spec{0x,{xi,x2,...,x„}), and denote by can : U ^ X the canonical 
inclusion of schemes, and Pu = P ° caf^ : U —>■ S. Further, we consider the fibre product 
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X := U Xs X. Then the canonical projections qu : X ^ U and gx : X — > X and the 
diagonal morphism A : [/ — > X can be included in the following diagram 




where 

qx o A = can (13) 

and 

gc/ o A = idu. (14) 

Note that qu is a smooth morphism with geometrically irreducible fibres of dimension 
one. Indeed, observe that qu is a base change via pu of the morphism p which has 
the desired properties. Taking the base change via pu of the finite surjective morphism 
TT : X ^ X S we get a finite surjective morphism 

U:X^ xU 

such that qu =pruoIl. Set / := g^(f). The Ox,{xi,x2,...,x„}-module r(X, Ox)// ■ r(X, Ox) 
is finite, since the fc[S']-module k[X]/i- k[X] is finite. 
Note that the data 

{qu:X^U,f,A) (15) 
form an example of a nice triple, as defined in Definition 18.0.251 

Claim 9.0.28. Note that the schemes A(f/) and {/ = 0} are both semi-local and that the 
set of closed points of A(f/) is contained in the set of closed points of {/ = 0}. 

This holds since the set {xi,X2, ■ ■ ■ ,Xn} is contained in the vanishing locus of the 
function f. 



10 Proof of Theorem (A) 

Proof. We begin with the following data. Fix a smooth irreducible affine /c-scheme X, a 
finite family of points Xi,X2, . . . ,Xr on X, and set := 0x,{xi,x2,...,xr} cind U := Spec(O). 
Replacing k with its algebraic closure in T{X, Ox) we may and will assume that X is 
/c-smooth and geometrically irreducible. Further, consider the reductive f7-group scheme 
G, the [/-tori C and the smooth [/-group scheme morphism 

fi:G-^C. 

Let K be the fraction field of 0. Let G C{K) be such that the element C,k £ is 
0-unramified (see ([3])). 

Shrinking X if necessary, we may secure the following properties: 
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(i) The points Xi,X2, ■ ■ ■ ,Xr are still in X; 

(ii) There are given a reductive X-group scheme Gx, an X-tori Cx, a smooth X-group 
scheme morphism fix '■ Gx Cx such that Hx '■= ker{jj,x) is a reductive X-group scheme 
and G = U Xx Gx, C = U Xx Cx, fi = U Xx Hx- In particular, for any [/-scheme S one 
has G{S) = Gx{S), C{S) = Cx{S), 9^(5) = where -^x^S) := Cx{S) / iJix{Gx{S)). 

(iii) The element ^ is defined over Xf, that is there is given an element ^ G Cx{k[X]i) 
for a non-zero function f G k[X] such that the image of ^ in Cx{K) = C{K) coincides 
with the element ^k', we may assume further that f vanishes at each Xj's and the /c-algebra 
/c[X]/(f) is reduced; 

(iv) we may assume also that C, G 5'x(^[-^]f) is /c[X]-unramified for the functor 3^x', 
Let ?7f : Spec(-ft') ^ Xf be a morphism induced by the inclusion k[X{] ^ k{X) = K 

and let t] : Spec(-ft') ^ [/ be a morphism induced by the inclusion ^ K. Clearly, 
iK = r^m^Cx{K) = C{K). 

• Our aim is to find an element ^' G C{U) such that ri*{C,') = ^ ^{^)- 
Using a functor isomorphism f|T8|) we will construct such an element ^' rather explicitly 
in f[T^ . Recall that we are given now with a geometically irreducible fc-smooth affine 
scheme X, a finite family points Xi,X2, . . . ,Xr on X and a non-zero function f G k[X] 
vanishing at each Xj's. Beginning with these data the nice triple (fT5i) 

{qu:X^U,f,A) 

was constructed in Section [91 

Set Gx = QxiGx) and note that G = A*{Gx) = U XxGx- Let Gconst be the pull-back 
of G to X. 

Set Cx = QxiCx) and note that C = A*{Cx) = U XxCx- Let Cconst be the pull-back 
of Cu to X. 

Set fix = Qxif^x) and note that fiu = A* (fix) = U Xx Hx- Let /iconst be the pull-back 
of nu to X. 

By Theorem 18.0.261 there exist a morphism 9 : (X', /', A') (X, /, A) of nice triples 
and isomorphisms 

<f : ^^*(Geo„st) ^ 9*iGx), ^ ■■ ^^*(Ceo„st) ^ 9* (Cx) (16) 

of X'-group schemes such that (A')*($) = idc, (A')*(\I') = idc and 

r (/xx) o $ = ^ o e*{fi,onst) : e*{G,onst) ^ e*{Gx) (17) 

The equality flTTl) implies that for each [/-scheme and each [/-scheme morphism t : 
y -> X' the group isomorphism ^(y') : 6'*(Ccon5t)(y') 6'*(Cx)(y') induces a group 
isomorphism 

= cm/fiiGm) = cxm/if^xicxim = ^xi^^i m 

(Here for the functor 5" the scheme y is regarded as a [/-scheme via the composition q[;ot 
and for the functor 3^x the scheme y is regarded as an X-scheme via the composition q'^ o 



22 



if:). Group isomorphisms form a natural functor transformation of functors defined 

on the category of X'-schemes and X'-scheme morphisms. The same holds concerning 
isomorphisms f|T8l) . 

A' 

If the ?7-morphism t : ^ — X' is of the form ^' U — > X' then = id, since 

(A')*(\l/) = idcu- particular, we have proved the following 

Claim 10.0.29 (Main). // U is regarded as an X'-scheme via the morphism A' and 
Spec{K) is regarded as an X'-scheme via the morphism rj o A', then "^{U) = id and 
^{K) =id. 

We are rather closed to a construction of the required element ^' G C{U). Let U = 
Spec(Ox, {xi,x2,...,xr}) be as in Definition [HiOiSSl Write R for Ox,{xi,x2,...,x„}- It is a semi- 
local essentially smooth fc-algebra with maximal ideals m^'s where i runs from 1 to r. Let 
(X', /', A') be the above mentioned nice triple over U. Show that it gives rise to certain 
data subjecting the hypotheses of Lemma [3. 0.81 

Let A = r(X', Ox')- It is an i?-algebra via the ring homomorphism (g[/)* : R — >■ 
r(X', Ox')- Moreover this i?-algebra is smooth. The triple (X', /', A') is a nice triple. Thus 
there exists a finite surjective fZ-morphism 11 : X' — A^. It induces the respecting R- 
algebras inclusion R[t] ^ r(X', Ox') = A such that the A is finitely generated as an R[t]- 
module. For each index i the -R/irij-algebra A/xriiA is equi- dimensional of dimension one 
since (X', /', A') is a nice triple. Let e = (A')* : A R he a.n i?-algebra homomorphism 
induced by the section A' of the morphism q'jj. Clearly, that e is an augmentation. Further, 
e(/') ^0 e R since (X' , /', A') is a nice triple. Set / = ker{e). The i?-module A/f'A is 
finite since (X', /', A') is a nice triple. So, we are under the hypotheses of Lemma 13.0.81 
Thus we may use the conclusion of that Lemma. 

So, there exists an element u & A subjecting (1) to (7) of Lemma [3.0.81 The function 
u defines a finite morphism vr : X' ^ x A^. Since X' and V := f/ x A^ are regular 
schemes and vr is finite surjective it is finite and flat by a theorem of Grothendieck jE| 
Cor. 18. 17]. So, for any f/-map t : y" — > ^' of affine [/-schemes, putting X" = X' Xy/ we 
have the norm map given by ([T]) 

Nx''/T:CuiX")-^Cuir). 

Set D = Spec(yl/J) and Di = Spec(A/('u — I) A). Clearly Di is the scheme theoretic 
pre-image of U x {1} and the disjoint union := !r)]J(5(f/) is the scheme theoretic 
pre-image of U x {0} under the morphism vr. In particular T) is finite flat over U. We 
will write A' for A'{U). 

Consider the element ^ G Cx{k[X]f) chosen above. Set (x = (?x)*(0 ^ Cx{X'j,). Let 
C G C{X'j,) be a unique element such that \l/(Xj,)(C) = Cx- Since the function f E A is 
co-prime to the ideals J and {u — 1)A one can form the following element 

e' = N^r/u{(h,)N^/u{(\-D)-' e C{U) (19) 

Claim 10.0.30 (Main). One has ri*{C,') = C,k ^ ^{^)> where K is the fraction field of 
both k[X] and k\U] = R. 
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To complete the proof of Theorem A, it remains to prove the Claim. To do this it 
is convenient to fix some notations. For an A-module M set Mk = K ®r M, for an U- 
scheme Z set Zk = Spec(_ft') x^/Z, for a f/-morphism : Z — > W set ipx = Spec(ii') Xu^p. 
Clearly one has Rk = K, Uk = Spec(i^), = Spec(A;^) and {U x A^)x is just the 
affine line A\-. Its closed subschemes Uk x {1} and Uk x {0} coincide with the points 
1 and of A\. The morphism {q'u)K '■ '^'k Uk = Spec(ii') is smooth. In fact, the 
morphism 6 is etale and qu : X ^ U is smooth. The morphism ttk is finite flat and fits 
in the commutative triangle 

Tk -A], (20) 




Spec(K) 



One has TIk = Spec{AK/ Jk), '^i,k = Spec{AK / {u — 1)^;^). Clearly T>i k is the scheme 
theoretic pre-image of the point {1} G A]^ and the disjoint union TIq^k '■= I^kYL'^k is 
the scheme theoretic pre-image of the point {0} G A]^ under the morphism ttk- 

Let (k be the pull-back of ( under the natural map X^, Xj,. Let be the 

pull-back of ^' under the above map rj : Spec(ii') = Uk — > U, that is := ri*{^'). By the 
base change property of the norm map ([T]) one has 

V*ia =i'K = N^,^,,uACk\'D,,k)N'D^/uACkW)-' e C{K) (21) 

Set 

C" = iV^(X',,)/i.(A^)(a) G C{K{A')) = C{K{u)). (22) 
To prove Claim 110.0.301 we need the following one: 

Claim 10.0.31. The class C," G 3^{K{u)) is K[u]-unramified for the functor 5". 

Prove now this Claim. Let (x,k G C'x(Xj/^^) be the pull-back of (x € Cx(Xj/) under 
the natural morphism X^,^ Xj,. 

Consider the composition morphism of schemes r : X^ — > X' X. It induces a 
rational function field inclusion K K(X'j^) (stress that it does not coincides with the 
one induced by the projection q[jj^ : X^ Spec(-ft')). It's easy to check that for each 
closed point y G X'k its image r{y) G X has either hight 1 or (codimension 1 or 0). The 
family of commutative diagrams 

^X{0x'„y) ^Xi0x,riy)) (23) 

:fxiK{X'j,))^^ 3^xiK). 

shows that the map r* : 3^x{K) 3^x{K(X'k)) takes X-unramified elements to X^- 
unramified elements for the functor 3^x- Since the class C, G 5'x(^[X]f) is fc[X]-unramified, 
the element (x,k = G 9^{K(X'j^)) is X'^-unramified. 
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Clearly, \l'(Xj,^^)(C_ft:) = Cx,k ^ The functor isomorphism (ITS]) shows that 

the element C,k ^ S^l^/'.i^) is X'^-unramified for the functor 5". 

Now check that the inclusion of i^T-algebras K[u\ C = K\X' k] and the function 
f E A satisfy the hypotheses of Lemma I4.0.13[ We first check that the ii'-algebra 
AkI f'Ax is reduced. Recall that the ring k[X]/{i) is reduced. As we mentioned above, 
the morphism : X' — X is essentially smooth, hence the ring A/{f') is reduced too 
and thus its localization A^/ f'Ax is reduced. Since the extension K[u] C A^ = K[X'k] 
and the functions /' G A satisfy the conditions (5) to (7) of Lemma [3.0.81 they also satisfy 
the hypotheses of Lemma [4.0.131 for the functor 3" from equality f[T8l) . Thus by Lemma 
14.0.131 the class (" is i^[M]-unramified for the functor 5". This implies the Claim [TO. 0.311 

Continue the proof of Claim [TO. 0.301 By Claim [TO. 0.31l we can apply the specialization 
maps to By Corollary 15.0. 191 the specializations at and 1 of the element (" coincide, 
that is 

.i(C") = ^o(C")e W. (24) 

By Corollary 13.0.91 the function A^A/,- /_?<:[«](/) ^ K[u] does not vanishes as at 1, so at 
and by the condition (5) of Lemma [3.0.81 one has (" G C{K[u]N(^f-^). Using the relation 
between specialization and evaluation maps described in Definition 15.0. 151 one has a chain 
of relations 

EMC) = siiC) = soiO = EMC) e nx). (25) 

Base change and the multiplicativity properties of the norm map ([T]) imply relations 

Ev.iC) = N^^^^/uACkWk) (26) 

and 

EvoiC) = A^DKUA^^vt^if (Ci^b^UA'^) = ^D^Mf (Cx|a3K)^A'^,/c/K(C/^lA'^,) (27) 
So, we have a chain of relations in 3^{K) 



Nv,^,/uACKh,.,) = Ev.iC") = EvoiC) = N^^/uACkM " Na'^/uACk\a',) 
By the normalization property of the norm map one has A'a' /Uk^CkIa' .) = {^'k)*{Ck)- 
Claim 10.0.32. (A'^)*(Ck) = e C{K). 

With this Claim in hand we have a chain of relations in 3^{K) 

iu,K = {^'k)*{Ck) = A^A^/c/,,(a|A',) = N^^^^/uACkWk) ■ {N^k/uACk\'dA)-' (28) 

The relations ^ and ([28]) shows that r/*(^') = Ik e 3'u{K). 

To complete the proof of the Claim 110.0.301 it remains to prove the Claim 110.0.321 To 
do that consider a commutative diagram 

'^{'^'f',K) 3^{K) (29) 



"I- (if) 
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induced by the morphism A'j^ : Spec(K) X'j, and the functor isomorphism (ITS]) (note 
that : Spec(K) ^ X'f, j^ is well-defined, since (A')*(/') = f ^ G k[U] = R). Recall 
that (x,K G C*x(Xj/ j^) is the pull-back of (x G Cx(Xj,) under the natural morphism 
Xj, ^ Xj, . It follows from the definitions that 

{A'j,nCx,K) = r/;(0 =^Ke Cx{K) = C{K). (30) 

Clearly, ^(X^,_^)(Cx) = Cx,k- Recall that ^{K) = id by the Claim IIO.0. 291 The com- 
mutativity of the diagram fl29|) and the equality \I^(ir) = zc? completes the proof of the 
Claim I10.0.32I Whence we completed the proof of the Claim I10.0.3UI The proof of the 
Theorem A is completed. 

□ 

11 Proof of Theorem (B) 

Proof. To prove Theorem (B) we now recall a celebrated result of Dorin Popescu (see ^ 
or, for a self-contained proof, |Sw] ) . 

Let A; be a field and R a local fc-algebra. We say that R is geometrically regular 
if k' ®fc R is regular for any finite extension k' of k. A ring homomorphism A ^ R 
is called geometrically regular if it is fiat and for each prime ideal q of i? lying over p, 
i?q/pi?q = k{p) ®A Rq IS geometrically regular over A;(p) = Ap/pp. 

Observe that any regular semi- local ring containing a perfect field k is geometrically 
regular over k. 

Theorem 11.0.33 (Popescu's theorem). A homomorphism A ^ R of noetherian rings 
is geometrically regular if and only if R is a filtered direct limit of smooth A-algebras. 

Proof of Theorem B. 

Let R he a. regular semi- local ring containing an infinite perfect field k. Since k is 
perfect one can apply Popescu's theorem. So, R can be presented as a filtered direct limit 
of smooth fc-algebras Aa over the infinite field k. We first observe that we may replace 
the direct system of the A^s by a system of essentially smooth semi- local fc-algebras. In 
fact, if iTii, m2, . . . , are all maximal ideal of R and S" = i? — (U m,) we can replace 
each Aa by {Aa)g , where Sa = S (1 A^. Note that in this case the canonical morphisms 
ifa '■ Aa —>■ R are local (sends a maximal ideal to a maximal one) and every Aa is a regular 
semi-local ring, in particular a factorial ring. 

Let now L be the field of fractions of R and, for each a, let Ka be the field of fractions 
of Aa- For each index a let Oq, be the kernel of the map ipa '■ —>■ R and Ba = {Aa)aa- 
Clearly, for each a, Ka is the field of fractions of B^- The composition map Aa ^ R —>■ L 
factors through Ba and hence it also factors through the residue field ka of Ba- Since R 
is a filtering direct limit of the A^s we see that L is a filtering direct limit of the Ba^s. 
We will write ipa for the canonical morphism Bq. L. 

Let ^ G C{L) be such that the class ^ G 3^{L) is i?-unramified. We need the following 
two lemmas. 
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Lemma 11.0.34. Let B be a local ring which is a domain and let K he its field of 
fractions. Let m he a maximal ideal of B and B = B/xn. For an element 9 G write 
9 for its image in 3^{B) and 9k for its image in 3^{K). Let ri,p & ^{B) he such that 
riK = pj^e 3^(K). Then r/ = p G 9^(5). 

Lemma 11.0.35. There exists an index a and an dementia £ C{Ba) such that tp^i^a) = 
^ and the class ^ ^'(-K'a) is A^-unramified. 

Assuming these two claims we complete the proof as follows. Consider a commutative 
diagram 

A^ 




By Lemma 111.0.351 the class C,a ^ ^{Ka) is A^^-unramified. Hence by Theorem A there 
exists an element rj G C{Aa) such that = f/ G 3^{Ka). By Lemma [1 1 . . 341 the elements 
^Q, and f] have the same image in 3^{ka)- Hence ^ G 3^{L) coincides with the image of the 
element ^Paiv) in ^{L). It remains to prove the two Lemmas. 



Proof of Lemma \1 1.0.34 Induction on dim{B). The case of dimension 1 follows from 
Theorem 14.0.101 applied to the local ring B. To prove the general case choose an / G -B 
such that rj = p E 3^{Bf). Let n E B he such that tt is a regular parameter in B, having 
no common factors with /. Let B' = B/nB. Then for the image [f] — p)' ofrj — pin 3^{B') 
we have {j] — p)'f = G 3^(5^). By the inductive hypotheses one has (r^ — p)' = G 
Since {f] — p) = {rj — p)' G 3^(5), one has fj = p E 3^{B). 

Proof of Lemma \11.0.35[ 

Choose an f E R such that ^ is defined over Rf. Then ^ is ramified at most at those 
hight one primes pi, . . . ,pr which contains /. Since the class ^ E 3^{L) is i?-unramified 
there exists, for any pi, an element cxj G G{L) and an element C,i E C{Rp-) such that 
^ = p{cri)^i E C{L). We may assume that is defined over Rh^ for some hi E R — pi and 
that (Tj is defined over Rg^ for some gi E R. 

We can find an index a such that Aa contains lifts /„, hi^a, • • • , K^a, gia, ■ ■ ■ , gr,a and 
moreover 

(1) C{Aaj^) contains a lift C,a of ^, 

(2) C{Aa,h,,J contains a lift of ^i,^ of ^i, 

(3) G{Aa^g.^) contains a lift of ai^a of o"j. 

Since none of the fa, . . . , hr,a, dia, ■ ■ ■ , gr,a vanishes in R, the elements ^a, C,i,a, ■ ■ ■ , ^ir,a 
and ai^a, ■ ■ ■ , o'r,a niay be regarded as elements of C{Ba) and G{Ba) respectively. 

We know that C,i,afJ'{o'i,a) and niap to the same element in C{L). Hence replacing a 
by a larger index, we may assume that = ^i,afJ'{o'i^a) ^ C{Ba)- We claim that the class 
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€ 3^{Ka) is Ac-unramified. To prove this note that the only primes at which could 
be ramified are those which divide fa- Let be one of them. Check that ^„ is unramified 
at qa- Let G be a prime element such that QaAa = c[a- Then qaVa = fa for an 
element Tq,. Thus qr = f E R for the images of qa and in R. Since the homomorphism 
ifa '■ Aa ^ R IS local, q G triii;. The relation qr = f shows that q G pi for some index i. 
Thus qa G iPa^{pi) and C ip~^{pi). On the other hand hi a E Aa — ip~^{pi), because 
hi E R ~ Pi. Thus hi a E Aa — c[a- Now the relation ^a = ii,al^{.(^i,a) G C{Ba) with 
■^i.c* G C(Aa /i^^) shows that S,a is unramified at q^. Thus E,a is unramified at each hight 
one prime in Aa containing fa- Since G C{Aaj^) we conclude that is A^-unramified. 
The lemma follows. The theorem is proved. 

□ 

12 Applications 

In this Section we prove another purity theorem for reductive group schemes. Let k be an 
infinite field. Let be the semi-local ring of finitely many points on a smooth irreducible 
fc- variety X and let K be its field of fractions of 0. Let G be a semi-simple 0-group 
scheme. Let i : Z ^ Ghe a, closed subgroup scheme of the center Cent{G). It is known 
that Z is of multiplicative type. Let C = G/Z be the factor group, vr : G G" be 
the projection. It is known that tt is finite surjective and strictly fiat. Thus the sequence 
of 0-group schemes 

{1}^Z^G^G'^{1} (31) 

induces an exact sequence of group sheaves in fppt-topology. Thus for every 0-algebra R 
the sequence ( 1311) gives rise to a boundary operator 

5^,n:G'{R)^^l^,{R,Z) (32) 

One can check that it is a group homomorphism (compare [Bel Ch.II, §5.6, Cor. 2]). Set 

3^(i?) = Hi,,p(i?,Z)//m(5.,«). (33) 

Clearly we get a functor on the category of 0-algebras. 

Theorem 12.0.36. The functor 3" satisfies purity for the ring above. If K is the 
fraction field of this statement can he restated in an explicit way as follows: 
given an element ^ G Hjpp^(K, Z) suppose that for each height 1 prime ideal p in there 
exists G i/jppj(Op, Z), gp G G'{K) with ^ = + 57r(5'p) G Hjpp^{K, Z). Then there exists 
U e Hjpp^{0, Z), g^e G'{K), such that 

^ = U + 5MeHjpj,,{K,Z). 

Proof. The group Z is of multiplicative type. So we can find a finite etale 0-algebra A and 
a closed embedding Z >• i?^/o(Gm, a) into the permutation torus r+ = RA/o{^m, a)- 
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Let = {G X T^)/Z and T = T^/Z, where Z is embedded in G x T+ diagonally. 
Clearly G^/G = T. Consider a commutative diagram 



{1} {1} 




T — {1} 



T — {1} 



{1} {1} 

with exact rows and columns. By 113.0.371 and Hilbert 90 for the semi-local 0-algebra A 
one has Hj,pt(0,T+) = Hg\(0,T+) = H^,(A,Gm,A) = {*}• So, the latter diagram gives 
rise to a commutative diagram of pointed sets 



Hfppt(0, G') Hjppt(0, G' 



fppt 



G+(0) ^ T(0) %M G) ^ m p,(0, G 



id 



T+(0)^T(0)— ^Hjpp,(0,Z) 



{*} 



G'{0) 



with exact rows and columns. It follows that tt^ has trivial kernel and one has a chain of 
group isomorphisms 

Hjpp,(0, Z)//m(5.,o) = fcer(7r,) = fcer(j+) = T(0)//i+(G+(0)). 

Clearly these isomorphisms respect 0-homomorphisms of semi-local 0-algebras. 

The morphism /i+ : ^ T is a smooth 0-morphism of reductive 0-group schemes, 
with the torus T. The kernel ker{fi^) is equal to G and G is a reductive 0-group scheme. 
The functor 0' i— > T(0')/yU"'"(G"'"(0')) satisfies purity for the regular semi-local 0-algebra 
by Theorem (A). Hence the functor 0' t-^ H£pp^(0', Z)/Jm(5,r,o') satisfies purity for 0. 

□ 



29 



13 Proof of Theorems 



1.0.1 



and 



1.0.2 



Proof of Theorem M.O.B. Consider a short sequence of reductive 0-group schemes 

{l}^G,er^G (34) 

where Gder is the derived 0-group scheme of G and C = corad{G) be a tori over and 
/i = /o (see |D-Gt Exp. XXII, Thm.6.2.1]). By that Theorem the morphism /i is smooth 
and its kernel is the reductive 0-group scheme Gder- Prove that 

ker[Hl{0,G)^Hi{K,G)] = * (35) 

provided that one has 

ker[Hl{0, Gder) ^ Hl{K, G^er)] = * (36) 

The sequence f l34|) of 0-group schemes gives a short exact sequence of the correspond- 
ing sheaves in the etale topology on the big etale site. That sequence of sheaves gives rise 
to a commutative diagram with exact arrows of pointed sets 



{1} 



C(0)//i(G(0)) 



■ -^6t(^' Gder) 



(1} ^ C7(0p)/M(G(0p)) ^ if^(Op, Gder) 



Hi{0,G) 



HiiO,C) 



7 



HiiO,,G)^HliO,,C) 



7p 



{1} ^GiK)/i^iGiK)) 



Hi{K, Gder) — Hi{K, G) Hl,{K, C) 



(37) 

Here p C is a hight one prime ideal in 0. Set ax = «p o a, = /3p o /5, = 1p° 7, 
= By a theorem of Nisnevich [NT] one has 



ker{ap) = ker{Pp) = fcer(7p) 



(38) 



Let ^ G fcer(77i-), then fi{^) G ker^Sx)- By [C-T/S| one has ker^dx) = *, whence /i(^) = * 
and ^ = «*(C) for an G Hl^{0,Gder)- Since 7ii'(0 = * ^iiid /i;er(7p) = * we see that 
7(^) = *. Whence i*(/?(C)) = * and /5(C) = 5(ep) for an Cp G C(0p)//i(G(0p)). A diagram 
chaise shows that there exists a unique element ex G G{K) / n{G{K)) for each hight one 
prime ideal p of one has Q;p(ep) = ej^ G C{K)/ fi{G{K)). By Purity Theorem 11.0.41 
there exists an element e G C(0)//i(G(0)) such that ax{^) = ex- The element ex has 
the property that d{ex) = Pk{C)- Whence d{e) = ( and ^ = ^(^(e)) = *. The proof of 
equality fl35|l is reduced to the proof of the equality fl36l) . 

To prove fl36|) recall that G^er is a semi-simple 0-group scheme. Let G^g^ be the 
corresponding simply-connected semi-simple 0-group scheme and let tt : G^^^ G be 
the corresponding 0-group scheme morphism. Let Z = keriir). It is known that Z is 
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contained in the center C ent{G^^^.^) of Gf^^. and Z is a finite group scheme of multiphcative 
type. It is known that Gder = G'^f^^./Z and n is finite surjective and strictly flat. By the 
Theorem 112.0.361 the functor 

^R) = RUR,Z)/Imi6^,n) = H^.^iR, Z)/diGUR))- 

satisfies purity for the ring 0. The following result is known (see |Gr3t Thm.11.7]) 

Lemma 13.0.37. Let R be a noetherian ring. Then for a reductive R-group scheme H 
and for n = 0,1 the canonical map H}i{R, H) — >• H^p^^^R, H) is a bijection of pointed sets. 
For a R-tori T and for each integer n > the canonical map H^^{R,T) H^pp^{R,T) is 
an isomorphism. 

Lemma 13.0.38. For the ring above one has /cer[ifl ^(0, Z) H\ 



Proof. In fact, consider the closed embedding Z ^ RA/oiP'm, a) into the permutation 
torus = RA/oi'Gtm, a) from Theorem 112. 0.361 Set T = jZ. The short sequence of 
0-group schemes \ ^ Z ^ T+ ^ T ^ 1 gives rise to a short exact sequence of group 
sheaves in the fppt-topology. That sequence in turn gives rise to a long exact sequence of 
cohomology groups 



Hfppt(0, ^) 



(39) 

Firstly note that Hjppt(0,T+) = H,\(0,T+) = H,\(A,G„,a) = 0, since A is semi-local. 
Secondly note that ^%^,{0,T^) = H,^ (0 ,T+ ) = ^A\ {A,Q^^a). The map ^\^,{0,T) ^ 
Hfpp^(i<', T) is injective by Lemma [13.0.3 71 and [C-T/S| . The homomorphism H£pp^(0, T+) — 
Hfpp^(ii', T"*") coincides with the map H?^(A, — ^ H?^(^ ®o K, Gm,A(2)oK)- The latter 
map is injective, since A is regular semi- local of geometric type (see |Gr2l ??]). Now a 
diagram chaise completes the proof of the Lemma. 

□ 



The exact sequence of 0-group schemes 

{1} ^ Z —> G^g^ — > Gder {1}, 

give rises to an exact sequence of pointed sets 

Hfppti^, Z)/d{Gder{G)) -f^fppt(0> Gdlr) -f^fppt(0, Gder) ^ -f^fppt(0, ^) 

and furthermore to a commutative diagram like (l42i) with exact arrows 

d 



(40) 
(41) 



Hl^^,{0,Z)/d{Gderm 



-^fppt(^' ^der) 



-^fppt(0' C^der) 



(3 



-f^fppt(Op, Z)/d{Gder{Op)) ^ iJfppt(Op, GX,r) -f^fppt(Op, Gder) 



HlptiG,Z) 



■^fppt(Op,^) 



Hl^,{K,Z)/diGder{K)) 



7p 



■ -^fppt(-^) ^der) 



-^fppt(-^' ^der, 



■Hl,,{K,Z) 



(42) 
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Here p C is a hight one prime ideal in 0. The maps i*, i'^ and i'^ are injective (compare 
( [5e| Ch. I, Sect. 5, Prop. 39])). Set ax = dp o a, Pk = Pp ° P, Ik = 1p° 1, = By 
a theorem of Nisnevich [Ni] and Lemma 113.0.371 one has 

fcer(ap) = ker{(3p) = ker{jp) = * . (43) 

By the main result of [PSVl Thm.1.1] and Lemma [13.0.371 one has 

ker[Hl^^,{0, GZr) - K^^, GfJ] = * . (44) 

By Lemma [13.0.381 the map 6k is injective. As mentioned right above Lemma [1 3 . . 371 the 
functor 3^{R) = Hfpp^(i?, Z) / d{Gder{R)) satisfies purity for the ring 0. 

Now a diagram chaise similar to the one above in this proof shows that 

keT[Hl^,{0,G,,r) - Hl^,{K,G,,r)] = * • 
Lemma 113.0.381 completes the proof of Theorem 11.0.21 

□ 

Proof of Theorem \1.0.1[ Repeat literally the proof of Theorem ll.0.2[ 

□ 



14 Examples 

We follow here the notation of The Book of Involutions |KMRTj . The field A; is a charac- 
teristic zero field. The functors fHSl) to f[59|) satisfy purity for regular local rings containing 
k as follows either from Theorem 112.0.36] or from Theorem (A). 

(1) Let G be a simple algebraic group over the field fc, Z a central subgroup, G' = G/Z, 
Ti : G ^ G' the canonical morphism. For any A;-algebra A let S-^^r '■ G'{R) 
}il^{R, Z) be the boundary operator. One has a functor 

R^}ii{R,Z)/lm{6^,R). (45) 

(2) Let [A, a) be a finite separable /c-algebra with an orthogonal involution. Let vr : 
Spin(A, 0") PG0'''(y4, a) be the canonical morphism of the spinor /c-group scheme 
to the projective orthogonal fc-group scheme. Let Z = ker{7r). For a fc-algebra R 
let Sr : PG0'''(y4, (t){R) — > H^t(-^? ^) be the boundary operator. One has a functor 

R^}iUR,Z)/Im{SR). (46) 

In (2a) and (26) below we describe this functor somewhat more explicitly following 
[KMRfj . 
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(2a) Let C (A, a) be the Clifford algebra. Its center / is an etale quadratic fc-algebra. 
Assume that deg{A) is divisible by 4. Let Q{A, a) be the extended Clifford group 
|KMRT| Definition given just below (13.19)]. Let a be the canonical involution of 
C{A, a) as it is described in |KMRT| just above (8.11)]. Then a is either orthogonal 
or symplectic by IKMR T! Prop. 8. 12]. Let /i : fl{A, a) — > Ri/k{^m,i) be the multiplier 
map defined in jKMRTi just above (13.25)] by ^{oj) = o_{uj) -u). Set Ri = R®kl- For 
a field or a local ring R one has B\^{R, Z)/Im(6n) = Rf / ^{Vl{A, a){R)) by [KMRll 
the diagram in (13.32)]. Consider the functor 

R^ Rj'/fi{n{A,a){R)). (47) 

It coincides with the functor R i— > H^^(i?, Z) / Im{5ji) on local rings containing k. 

(2b) Now let deg{A) = 2m with odd m. Let r : / ^ / be the involution of l/k. The 
kernel of the morphism Ri/k{Gm,i) Ri/k{^m,i) coincides with Gm,k- Thus id — r 
induces a fc-group scheme morphism which we denote id — t : Ri/k{Gm,i)/^m,k ^ 
Ri/k{^m,i)- Let fi : Q{A,a) Ri/k{^m,i) be the multiplier map defined in jKMRT| 
just above (13.25)] by fi{uj) = g_{uj) ■ oj. Let n : f2(A,cr) Ri/k{^m,i) /'^m,k be 
the fc-group scheme morphism described in |KMRT[ Prop. 13.21]. The composition 
{id — r) o K lands in Ri/k{'Grm,i)- Let U C Gm,k x Ri/kiS^m,i) be a closed fc-subgroup 
consisting of all {a,z) such that a* = Ni/k{z). 

Set /i* = (/i, [{id — r) o k] ■ /i2) : Q{A, a) — * Gm,k x Ri/k{Gm,i)- This /c-group scheme 
morphism lands in U. So WG set cL h- group scheme morphism /i^, : Q{A, a) — U. 
On the level of /c-rational points it coincides with the one described in [KMRTt just 
above (13.35)]. For a field or a local ring one has 

RUR, Z)/Im{6R) = \]{R)/[{{Ni/k{a),a^)\a G R^} ■ fi4n{A,a){R))]. 

Consider the the functor 

R ^ V{R)/[{{Ni/k{a),a^)\a G R^} ■ fi4n{A,a){R))]. (48) 

It coincides with the functor R h-> H^^(/2, Z) / Im{5R) on local rings containing k. 

(3) Let T{A,a) be the Clifford group fc-scheme of {A, a). Let Sn : T{A,a) G^./k be 
the spinor norm map. It is dominant. Consider the functor 

R^ R''/Sn{r{A,a){R)). (49) 

Purity for this functor was originally proved in [Z, Thm.3.1]. In fact, r{A,a) is 
fc-rational. 

(4) We follow here the Book of Involutions |KMRTl §23]. Let A be a separable finite 
dimensional fc-algebra with center / and fc-involution a such that k coincides with all 
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(T-invariant elements of /, that is k = I"'. Consider the fc-group schemes of simihtudes 
of {A, a): 

Sim(A, a){R) = {a E \a ■ aR{a) e l^}. 

We have a /c-group scheme morphism fi : Sim(y4, a) Gm,k, a a ■ a{a). It gives 
an exact sequence of algebraic fc-groups 

{1} ^ Iso(Ao-) Sim(A^) ^ ^ {!}• 
One has a the functor 

R''/fi{Sim{A,a){R)). (50) 

Purity for this functor was originally proved in [Pa, Thm.1.2]. Various particular 
cases are obtained considering unitary, symplectic and orthogonal involutions. 

(4a) In the case of an orthogonal involution a the connected component GO~^{A,a) 
[KMRTl (12.24)] of the similitude fc-group scheme GO{A,a) := Sim(A, a) has the 
index two in GO{A,a). The restriction of fi to GO^(A,cr) is still a dominant 
morphism to Gm,k- One has a functor 

R ^ i?V/i(GO+(A (t){R)) (51) 

It seems that its purity does not follow from [Pa, Thm.1.2]. In fact we do not know 
whether the norm principle holds for fi : GO^{A, a) —>■ Gm,k or not. 

(5) Let y4 be a central simple algebra (csa) over k and Nrd : GLi^a 'Gm,k the reduced 
norm morphism. One has a functor 

i? i?7Nrd(GLi,^(i?)). (52) 



Purity for this functor was originally proved in [C-T/0 Thm.5.2]. 

(6) Let {A, a) be a finite separable fc-algebra with a unitary involution such that its 
center / is a quadratic extension of k. Let U{A, a) be the unitary fc-group scheme. 
Let Ui{l) be an algebraic tori given hj Ni/k = 1. One has a functor 

R ^ UKl)(i?)/Nrd(UA,.(i?)) = {ae i?r|iV,/,(a) = l}/Nrd(UA,.(i?)) (53) 

where Nrd is the reduced norm map. Purity for this functor was originally proved 
in Thm.3.3]. 

(7) With the notation of example (5) choose an integer d and consider the fc-group 
scheme morphism /i : GLi^^ x Grn,k '^m,k given by (a, a) t— > Nrd(Q;) ■ a'^. One has 
a functor 

R ^ i?V/i[GLi,^ X G„,fc)(i?)] = i?VNrd(A^) ■ R""" (54) 
Purity for this functor was originally proved in [Zj Thm.3.2]. 
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With the notation of example (5) choose an integer d and consider the functor 

R ^ Ui{l){R)/[NTd{UAAR)) ■ {« e R^\Ni/k{a) = 1^] (55) 
Purity for this functor was originally proved in [Zj Thm.3.2]. 

Let Gi,G2,C be afiine fc-group schemes. Assume that C is commutative and let 
fii : Gi ^ C , fi2 : G2 ^ C be /c-group scheme morphisms and : Gi x G2 ^ G he 
given by fi{gi,g2) = fJ'i{gi) ■ /i2(fl'2)- One has a functor 

R ^ X G2){R)] = ■ /i2(G'2(i?))] (56) 

In this style one could get a lot of curious examples of functors, one of which is 
given here. 

Let (y4i,(Ti) be a finite separable fc-algebra with an orthogonal involution. Let A2 
be a csa over k. Let fii be the multiplier map for {Ai, ai) and Nrd2 be the reduced 
norm for A2. One has a functor 

R ^ i?V[^i(GO+(Ai, a^){R)) ■ NTd2{Al^) ■ (57) 

Let y4 be a csa of degree 3 over k, Nrd the reduced norm and Trd be the reduced 
trace. Consider the cubic form on the 2 7- dimensional fc-vector space A x A x A 
given by := Nrd(a;) + Nrd(y) + Nrd(2;) — TTd{xyz). Let Iso(y4, N) be the fc-group 
scheme of isometries of N and Sim(A^) be the fc-group scheme of similitudes of 
A^. It is known that Iso(A^) is a normal algebraic subgroup in Sim(y4, A^) and the 
factor group coincides with Gm,k- So we have a canonical /c-group morphism (the 
multiplier) /i : Sim(A^) — > Gm,k- Now one has a functor 

R ^ i?V/i(Sim(Ar)(i?)). (58) 

Note that the connected component of Iso(A^) is a simply connected algebraic k- 
group of the type Eq. 

Let {A, a) be a csa of degree 8 over k with a symplectic involution. Let V G Ahe 
the subspace of all skew-symmetric elements. It is of dimension 28. Let Pfd be the 
reduced Pfaffian on V and Trd be the reduced trace on A. Consider the degree 4 form 
on the space V xV given by F := Pfr(x) + Pfr(?/) — l/4Trd((x?/)2) — l/16Trd(a;?/)^. 
Consider the symplectic form on x given by 0((xi,?/i), {x2,y2)) = Trd(a;i?/2 — 
X2yi). Let Iso(F) (resp. Iso(0)) be the /c-group scheme of isometries of the pair F 
(resp. of 0)). Let Sim(F) (resp. Sim(0)) be the /c-group scheme of similitudes of F 
(resp. of 0). Set G = Iso(F) fl lso(0) and G~^ = Sim(F) fl Sim(0). It is known that 
G is a normal algebraic subgroup in and the factor group coincides with Gm,k- 
So we have a canonical fc-group morphism /i : G~^ Gm,k- Now one has a functor 

^^ i?V/i(G+(i?)). (59) 

Note that G is a simply-connected group of the type Ej. 
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